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Chapter 1

Introduction

Cells of the sinoatrial (SA) node of the heart fire impulses in synchrony to help

the atria contract. [1, 5].
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Chapter 2

Preliminaries

A discourse on the background of the study is in this chapter. We divided this

chapter into three parts.

2.1 Basic Concepts on Synchronization

We will use mainly the definitions from the book of Hoppensteadt and Izhikevich

[3], and Pikovsky et al. [4] and adapt some terms in the current literature.

Definition 2.1.1 (Phase Synchronization (PS)) A set of coupled oscillators

is said to achieve phase synchronization (or synchronized in phase) if there exists

a time t0 such that

|θm(t)− θn(t)| = 0, n,m ∈ V , for all t ≥ t0,

2



Chapter 3

Dynamic Theory of Modified Models

Our results focus on the long-term dynamics of the systems.

3.1 On Modified Kuramoto Model

In this section, we consider the following Kuramoto Model

θ̇n(t) = ωn +
κ

N

N∑
m=1

sin(θm(t)− θn(t)). (3.1)
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Chapter 4

Numerical Simulations

In the course of the discussions of our analytical results.

4.1 Asymptotic Frequency Synchronization

We see here that the approximation error is less than 10−11.

Table 4.1. The table above shows the maximum values of g

r γexp g(γexp) M(γexp)

0.5 0.5 0.5 0.5

0.5 0.5 0.5 0.5

0.5 0.5 0.5 0.5

r γrat g(γrat) M(γrat)

0.5 0.5 0.5 0.5

0.5 0.5 0.5 0.5

0.5 0.5 0.5 0.5

We can see from the following values of r in Table 4.1. that M(γ) < g(γ) for

coupling function f .
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CHAPTER 4. NUMERICAL SIMULATIONS 5

0 50 100 150 200 250 300 −1

0

1

−1

0

1

Time t x = r(t) cos θ(t)

y
=

r(
t)
si
n
θ(
t)

(a)

0 50 100 150 200 250 300

−4

−2

0

2

4

Time t

A
ng

ul
ar

Fl
uc

tu
at

io
n
θ(
t)
−
φ
(t
)

(b)

Figure 4.1. The above figures show Asymptotic Frequency Synchronization of

modified Kuramoto Model with exponential coupling function.



Chapter 5

Conclusions and Future Work

5.1 Summary and Conclusions

Conclusion

5.2 Recommendations for Future Works

Future Works
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Appendix A

Notations

A.1 Basic

A.2 Functions
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Appendix B

Notes on Other Theorems

We extend their result by considering a system.

Remark B.0.1 The theorem in [2] follows by taking r̂ = (1, . . . , 1)T in the previ-

ous theorem.
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