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Chapter 1

Introduction to Groups

1.1 Basic Axioms and Examples

1. (@) This operation is not associative, since ax (bxc) =a—(b—c) =a—b+c #
a—b—c=(a—b)—c=(axb)x*c.

1. (b) This operation is associative, since ax (b*xc) =a+ (b+c+bc) +a(b+c+
bc)=a+b+c+bc+ab+ac+abc=(a+b+ab)+c+ (a+b+ab)c= (axb)*c.

btc
1. (0 This operation is not associative, since a x (b *c¢) = ”+55 =+ 3 b+’: #
+b
+c
o= 55 = (axb)xc.

1. (d) This operation is associative, since (a,b) * ((

c,d) x (e, f)) = (a,b) % (cf +
de,df) = (adf + bcf + bde, bdf) = (ad + bc,bd) * (e, f) =

a
((a,0) x (¢, d)) * (e, f)-
1. (e) This operation is not associative, since a x (bxc) = % # ;= = (axb) xc.

2. The operation a xb = a — b is clearly not commutative since a — b # b —a in
general.

The operation axb = a + b+ ab is commutative, since axb = a+b+ab =
b+a+ba=>bxa.

The operation a x b = %5 is commutative, since a x b = “E0 = 24 = pxq.

The operation (a,b) * (c,d) = (ad + bc,bd) is commutative, since (a,b) * (c,d) =
(ad + be,bd) = (cb+da,db) = (c,d) x (a,b).
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b

Finally, the operation a x b = § is not commutative, since { # _ in general.

3. Addition of residue classes in Z/nZ is clearly associative, since a + (b+7) =
a+b+c=a+b+c=a+b+c=(@+0b)+c.

4. Multiplication of residue classes in Z/nZ is clearly associative, sincea - (b-c) =
a-bc=abc=ab-c=(a-b)-c.

5. We have already shown that multiplication of residue classes in Z/nZ. is asso-
ciative, and it is clear that the identity element is 1if n > 1. However, if n > 1, then
the residue class 0 has no multiplicative inverse, since its product with every other
residue class of Z/nZ is 0. Therefore, Z/nZ is not a group under multiplication
of residue classes.

6. (a) Addition of rational numbers is associative, since § + <§ + J%) = ¢+
Cf;}“i — ”df+£;]f+b€d — “d};;bc + % = ($4+9) + J% Now let § and § be two ratio-

nal numbers in lowest terms with odd denominators. Their sum ”db—*fc has an odd
denominator as well, since b and d are both odd. Remembering that odd integers
can only be divided by other odd integers, we find that the sum ”db—fibc written in
lowest terms must have an odd denominator. The identity element is clearly .
Finally, noting that every element § has an inverse —7 in the set, we conclude that

this set is a group under addition.

6. (b) This set is not closed under addition (e.g., % + % = %, which has odd
denominator). This set cannot be a group under addition.

6. (c) This set is not closed under addition (e.g., 19—0 + % = % > 1). This set cannot
be a group under addition.

6. (d) This set is not closed under addition (e.g., 15 + (—13) = 15 < 1). This set
cannot be a group under addition.

6. (e) This is the set of integers and half-integers. The sum of two integers is an
integer, the sum of two half-integers is an integer, and the sum of an integer and
a half-integer is a half-integer, so this set is closed under addition. The identity
element is clearly 0. Finally, each element a has an inverse —a in the set. Therefore,
this set is a group under addition.
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6. (f) This set is not closed under addition (e.g., 3 + 3 = 2, which does not have
denominator 1, 2, or 3). This set cannot be a group under addition.

7. The operation x is well-defined due to the fact that addition, subtraction, and
the greatest integer function are well-defined. It is also obvious that for any x,y €
R, xxy € [0,1), so G is closed under *. It is not hard to see that for x,y € R,
[x +y] = [x] + [y] + [x — [x] + v — [y]]- Then the operation « is associative, since

ax(bxc)=ax({b+c—[b+c])
=a+b+c—[b+c]—[a+b+c—[b+c]]
=a+b+c—[b+c]—la+b+c]+[b+c]]-[a+b+c—|a+b+c]—[b+c]+[[b+c]]
=a+b+c—[a+b+]
=a+b+c—[a+Db]
=a+b+c—[a+b]
=(a+b—[a+Db])*c
= (axb)*c

a+b+c]+ja+bl—[a+b+c—Ja+b+c|]—[a+Db]+[a+ D]

— |
—la+b+c—[a+b]]

The identity element is clearly 0, since for any ¢ € G, gx0 =g+ 0—[¢g+0] =
g — [g] = g. Since 0 is the identity, it is its own inverse. If ¢ > 0, the inverse of
gis1—g, sincegx(1—g) =g¢g+1—-g—[g+1—g] =1-[1] = 0. Note that
since0 < ¢ < 1,0 > —g > —1 and therefore, 1 > 1—-¢ > 0,501 —-g € G.
Therefore, G is a group under *. Finally, note that G is an abelian group under x,
sinceaxb=a+b—[a+bl=b+a—[b+a] =bxa.

8. (@) Since multiplication in C is associative, we need only show that G is closed
under multiplication, that there exists an identity element, and that every element
has an inverse in G. If z1,z; € G, then there exist ny, 1, € Z such that z{' = z;*> = 1.
Then note that for the product z1zp, (z122)""™ = z]'"zy'™ = 11" = 1 and
therefore, z1z, € G. Hence, G is closed under multiplication. The identity element
is clearly 1 and it is its own inverse. For any other element z € G, we can show
that 271 € G, since (2"~ 1)" = z(*=D" = (z7)"=1 = 1"~1 = 1. It is easy to see that z
and z"~! are each other’s inverses. Therefore, G is a group under multiplication.

8. (b) G is not a group under addition because it does not contain 0 and thus,
does not have an identity element.

9. (@) We are given that addition in R is associative. Observe that G is closed
under addition since for a; + b1v/2, a2 + bav/2 € G, we have a; + bivV2 + a +
b2 = (a; + ap) + (b + b2)V/2, which is an element of G because Q is closed
under addition. The identity element 0 4+ 0v/2 = 0 is clearly in G. Finally, every
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element a + by/2 has an inverse —a — b\/2 € G, since if a,b € Q, then —a, —b € Q
as well. Therefore G is a group under addition.

9. (b) We are given that multiplication in R is associative. The product of any two
non-zero elements a7 + by v/2 and as + by /2 is (ayaz +2b1by) + (102 + azbl)ﬂ. The
product is non-zero and is clearly an element of G, since Q is closed under addition
and multiplication. Thus the non-zero elements of G are closed under multiplica-
tion. The multiplicative identity 1 + 0v2 =1is clearly a non-zero element of G.

Finally, each non-zero element a + by/2 has an inverse Z;_bgg, which is clearly a

non-zero element of G. Therefore, the non-zero elements of G form a group under
multiplication.

10. Let G be a finite group and M be the multiplication table of G. If G is abelian,
then for any two elements g;, ¢; € G, gigj = gjgi- Consequently, M;; = M;;, and M
is therefore a symmetric matrix.

Now suppose that G’s multiplication table M is a symmetric matrix. Then for
any i,j, M;; = gig;j = 8;8i = M;i. Since g;g; = g;&; for any i,j, we find that G is an
abelian group.

11. The orders of the elements are [0| = 1, [1| = 12, 2| = 6, [3| = 4, |4| = 3,
5/ =12, 16| =2,17| =12, 8] =3, 9] =4, |10| = 6, [11] = 12.

12. Theordersare |1| =1, |-1|=2,(5|=2,|7| =2, |-7| =2, [13] = 1.

13. The orders are |1| = 36, 2| = 18, |6] = 6, [9] = 4, |10| = 18, |12] = 3,
|—1] = 36, |—10| = 18, | -18| = 2.

14. Theordersare |1| =1, |-1| =2, |5| =6, [13| =3, |-13| = 6, |17| = 2.

15. This is clearly true for any single element a; € G. Now assume that it
holds true for the product of any n elements ay,...,a, € G. Consider the product
(a1...ay41) of n + 1 elements of G. We may write (a1...a,41) = (a41...4,)a,+1. Since
(a1...a,) is a product of n elements of G, its inverse satisfies (a;..a,) "' = a;'..a; "
Multiplying, we obtain (a1...a,) 1(a1...ay)a,+1 = a,+1. The inverse of this product
is simply a;il: a;}rlanﬂ = a;il(al...an)_lal...anﬂ = a;}rl...al_lal...anﬂ = 1. Since
the product of a;}rl...al’l and ay...a,41 is the identity, we find that a;i1-~-”fl =
(a1...a,+1) L. By induction on 1, we have the claim.
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16. Let x € G and suppose x> = 1. Then by definition of the order of x,
1 <|x| < 2. That is to say, |x| is either 1 or 2.

Now, suppose that |x| is either 1 or 2. This means that either x = 1 or x* = 1.
But if x = 1, then x2 = 12 = 1. So either way, x2=1.

17. Let x € G and suppose |x| = n for some n € Z*. Then x" = x-x""! = 1.
x"1is clearly an element of G, since G must be closed under its group operation.
Since the product of x"~! and x is the identity, we must have x ! = x"~1.

18. Let x,y € G. If xy = yx, then left multiplication of y~! yields y~'xy = x.
Similarly, if y~xy = x, then left multiplication of y yields xy = yx.

If ylxy = x, then left multiplication of x~! yields x 'y~lxy = 1. Similarly, if

x~ly~lxy =1, then left multiplication of x yields y~'xy = x. Hence, the claim.

19. (@) Letx € Ganda,b € Z*. Then x**? = [T%* x = [T, x T, x = "2l
Furthermore, (x*)? = [T_;x* = [1%%, x = x®. That is to say, these are conse-
quences of the generalized associative law.

19. (b) This is really just a consequence of exercise 15, but we can prove it by
induction if you want. This is clearly true for a = 1, since (x) ! = x~1. Suppose it is
true for all # < n. Consider a = n + 1, where we may write xt L = xm . x. Applying
(x")~! = x7", we obtain x"x"*! = x7".x".x = x. To this, we may apply
x71, yielding x=1 - x™" . x"*1 = x71.x7".x" . x = x~1.x = 1. This implies that
x~1.x7" = x~ (") is the inverse of x"*! (i.e.,, x~("*1) = (x"*1)~1). By induction
on 1, we have the claim.

19. (c) Since x~! is also an element of G, we already have the proof for the case
where a and b are both negative. It is also obvious that the equations hold if at
leastoneof a =0,b=0,ora=0b=0.

For the case where a and b are of opposite sign, simply note that 1-x = x = x-1
so that we may insert arbitrary numbers of factors xx~! or x~1x into the expansion
of any power of x. Then x**? = x?x~x™*0 = x7x? (i.e, it is a consequence of the
generalized associative law). The equation (x*)” = x? in this case is just a con-
sequence of part (b) above or the generalized associative law for b < 0 or a < 0,
respectively.

20. For x € G let |[x| = n. Then x" = 1 = x "x". It follows that x™" = 1.
Furthermore, no positive integer k < n exists such that x~k =1, for if there were
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such a k, then ¥ = x¥-1 = xF. x7% = 1. Since |x| > k, this is a contradiction.

Therefore, \xil\ = n. For a proof of the converse, simply switch x and x~1 above.

21. Let G be a finite group, and consider x € G such that |x| = n, where n is
odd. Since, n is odd, there exists j € Z such that j > 0 and n = 2j + 1. We have
x2%2 = x%+1 . x = 1. x = x. Writing k = j + 1 and noting that k > 1, we have the
claim.

22. First, we show that (¢71xg)" = ¢~ 'x"g. The claim is clearly true for n = 1.
Suppose it holds for all n < k. Then for n = k+ 1, we have (g 'xg)"1 =
(g7 xg)kg7lxg = g lxkgelxg = ¢ lxkxg = ¢7xk1g. By induction on k, we

have the claim.

Now, note that (g7'xg)* = ¢~ 1xl¥lg = ¢=1¢ = 1, so that |g~'xg| < |x|. Suppose
that there exists k < |x| such that (¢7'xg)¥ = 1. Then 1 = g¢~' = g(g7'xg)*¢™! =
¢¢ 'xFgg™! = x*. This is a contradiction, so no such k exists and |g~'xg| = |x|.

In this proof, x and ¢ were any two elements of G, so consider x = ab and g = a,
where a,b € G. We find that |ba| = |a~laba| = |g"'xg| = |x| = |ab].

23. This is obvious. If |x| = n and n = st, for n,s,t € Z*, then (x%)! = x* = 1.
There cannot be any positive integer k < t such that (x°)¢ = 1 because that would
imply that |x| # n. Therefore |x°| = t.

24. Letaand b be commuting elements of G. Clearly the equation holds for n = 1.
Now suppose it holds for n < k and consider (ab)**!. We have (ab)**! = (ab)kab =
a*bkab = akab*b = a*+10"+1, where we used the fact that @ and b commute to obtain
the second-to-last equality. By induction on k, we have the claim for n € Z". The
equation obviously holds for n = 0 as well, since (ab)? =1=1-1 = a%".

For n < 0, we simply need to show that if ab = ba, then a~'b~! = p~1aL.
It is easy to see that (ab)™! = b~'a~! and (ba)~! = a~'b~'. If ab = ba, then
1 = (ab)~'ab = (ab)~'ba. It follows from the uniqueness of (ba)~! that b=1a~! =
(ab)™! = (ba)™! = a='b~!. Since a~! and b~! commute, the proof above can be
applied to them and therefore, (ab)" = a"b", Vn € Z.

25. Suppose x*> = 1, Vx € G. Consider any two elements 4,b € G, and note that
their product ab is also an element of G. Therefore, (ab)2 = gbab = 1. However,
abba = 1 also, so abab = abba. Multiplying on the left by ba, we find that ab = ba.
Therefore, G is an abelian group.
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26. We are given that H is closed under x and closed under inverses. Then for
any h € H the product hh~! = 1 must also be in H, so H contains the identity
element. Since * is associative in G, it must also be associative in H. Therefore, H
is a group under *.

27. Let H= {x" | n € Z}, where x € G. It is easy to see that H is closed under
the group operation of G, since x* - x* = x¥*/ for k, £ € Z. It is also closed under
inverses, since (x*)~! = x ¥ is in H for all k € Z. The identity element x* = 1 is
clearly an element of H. Finally, the group operation of G is associative on G so it
must also be associative on H. Therefore, H is a subgroup of G.

28. (a)

(a1,b1)[(az,b2)(as, b3)] = (a1,b1)(az * az, by © bs)
= (a1 x (ag % az), by o (by 0 b3))
= ((a1 xap) * az, (by o by) © b3)
= (ay xa, by o by)(az, bs)

[(a1,b1) (a2, b2)](as, bs)

28. (b) For any element (a,b) € A x B, we have (a,0)(1,1) = (ax1,bo1) = (a,b)
and similarly for (1,1)(a, b). Therefore, (1,1) is the identity.

28. (c) For any element (a,b) € A x B, we have (a1,b71)(a,b) = (a1 xa, b 1o
b) = (1,1) and similarly for (a,b)(a~!,b~1). Therefore (a~!,b1!) is the inverse of
(a,b).

29. Let A X B be an abelian group. Then for any (a1,b1),(az,b2) € A x B, we
have (a1 * ay, b1 < bz) = (ﬂl, b1)<a2, bz) = (le, b2)<u1,b1) = (le *Lll,bQ < bl) Since
a;*ay = ayxa; and by o by = by o by for any ay,a, € A and by, b, € B, both A and
B are abelian.

Now suppose both A and B are abelian. Then for any a1,4> € A and by, b, € B,
we have a1 xay = ay xa; and by ¢ by = by ¢ b;. Now consider any two elements
(a1,b1), (a2, b2) € A x B. Their product is (a1,b1)(az,by) = (a1 xaz, by oby) =
(a2 x ay,by © by) = (az,b2)(ay,b1). Therefore, A X B is an abelian group.

30. For any two elements of the form (a,1) and (1,) in A x B, we have (a,1)(1,0) =
(ax1,10b) = (1xa,bol) = (1,b)(a,1), so they commute. Furthermore, (4,1)(1,b) =
(1xa,bol) = (a,b). The order of (a,b) is the smallest positive integer n such that
(a,b)" = (a,1)"(1,b)" = (a",1)(1,b") = (1,1). It follows from the definition of
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|a| and |b| that |a| and |b| must divide all integers n satisfying (a,b)" = (1,1) (see
exercise 35 if you are not convinced). The smallest positive integer n such that
|a| and |b| both divide n is by definition the least common multiple of |a| and |b|.
Thus, |(a,b)| is the least common multiple of |a| and |b|.

31. Let G be a finite group of even order. Let t(G) = {g € G | g # ¢~ '}. Note that
for any element x € t(G), we necessarily have x~! € t(G). Pairing each element
with its inverse, we find that the order of #(G) must be even. It follows that the
order of G — t(G) is also even. Since 1 is its own inverse, it must be in G — t(G),
which implies that there exists at least one other element of G — #(G). This element
y must be its own inverse as well, meaning y* = 1 or |y| = 2. So, G must contain
an element of order 2.

32. Letx € Gand |x| = n, for n < co. Suppose there exist integers k, { < n such
that k # ¢ and x¥ = x!. Assume without loss of generality that k > ¢. Then it
follows that x*~ = 1. Since k — ¢ € Z* and k — ¢ < n, this would imply that
|x| # n. This is a contradiction, so the elements 1, x, ..., x"~1 must be distinct. Since
G is a group, all distinct powers of x are elements of G. We may conclude that
x| < |G-

33. (@ Letx € G and |x| = n, with n < oo. Suppose that n is odd and that
x' = x7 for some i € {1,2,...,n — 1}. This would mean that x* = 1. By definition
of |x|, it must be true that 2i > n. It is clear that for x* to be equal to 1, we must
have n|k (see exercise 35 if you are not convinced). Since 2i < 2n, we require that
2i = n. But this is impossible because n is odd! Therefore, no such i exists.

33. (b) Let x,n,i be defined as above. Suppose now that n = 2k for some k € Z,
and that there exists 1 < i < n such that x! = x~/. Then we would have x% = 1
and 2i > n. Since 2i < 2n, it must be that 2i = n = 2k (i.e., i = k).

Now suppose that n = 2k and consider i = k. x%* = x% = 1s0 x' = x x? =
xh1=x"l

34. Let |x| = oo for x € G. Suppose that there are two integral powers x/, x* of x
such that j # k but x/ = x*. Assume without loss of generality that j > k. Then it
must be that ¥/ % = 1. But by definition of |x|, since 0 < j — k < oo, we would have
|x| # oo. This is a contradiction, so all powers of x must be distinct.

35. Let |x| = n for x € G and consider x* for k € Z. The division algorithm states
that for any k,n € Z with n > 0, there exist ¢, € Z such that k = gn + r, with
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0 < r < n. Then we may write xk =y = xi"x" = (x")9x" = x". Therefore, all
integral powers of x are equal to one of the elements of {1, x, ..., x”fl}.

36. LetG = {1,4,b,c} with identity element 1, and assume that G has no elements
of order 4. Consider the product ab. Because neither a nor b are the identity, we
must have ab = 1 or ab = c. Suppose ab = 1. Then a? # 1 since the cancellation
laws would imply that a = b. It follows that |a| = 3 so that a> = a?-ab = a3 -b = b.
Now consider the product ac. Similarly to ab, we must have ac = 1 or ac = b.
However, ac # 1 or b = c by the cancellation law, and ac # b or a = c by the
cancellation law. We must conclude that ac € G, which is absurd. Therefore,
ab = c. If a> = b, then necessarily, a®> = 1. But then ¢ = ab = a® = 1, so we must
have 4% = 1, and thus, ac = b. Using similar reasoning, we find that bc = g, =1,
¢ = 1. By the proof of exercise 25, G is abelian. This is clearly the only possible
structure for G, so the group table is unique.
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1.2 Dihedral Groups

1. (@) The six elements of Dg are 1,7,72,s,sr,sr>. We have |r| = |[r?| =3, |1| = 1,
and |s| = |sr| = |sr’| = 2. Note that because (sr)?> = 1 and (sr')? = srisr’ =
sri-lsr 1yt = sri~1sri=1 = (sr'=1)2 for all positive integers i, |sr'| = 2 for all positive
integers i.

1. (b) The eight elements of Dg are 1,7,72,73,s,sr,51%,5r°>. We have [1| = 1, |r| =
13| =4, [r?| =2, and |s| = |s7| = |sr?| = |sr3| = 2.

1. (¢) The ten elements of Dyg are 1,7,7%,13,14,s,sr,sr2, 513, sr*. We have 11| =1,
[r| = |r?| = |r3| = |r*| = 5, and |s| = |sr| = |sr?| = |s73] = |sr?] = 2.

2. Let x be any element of D,, that is not a power of . Then x = sk for some
integer 0 < k < n. Therefore, rx = rsrk = sr=1rk = sr* =1 = srkr=1 = xr~ 1.
3. The outline of this proof was given in exercise 1.(a) for my convenience. Ele-
ments of D, that are not powers of r are elements of the form stk for 0 < k < n. Itis
easy to see that s? = (sr)? = 1 using the given relations. Suppose that for all j < k,
|srf| = 2. Then we have (sr¥)? = srfsrk = srk=lrsrk = srk—lor=1rk = (srF=1)2 = 1.
Induction on k gives the desired result.

It is also easy to see that s, sr generate Dy, since s - sr = r, so that rk = (s- sr)k and
stk = s(s - sr)* for all integers k.

4. Because |r| = n, all powers 7/ of r with 0 < j < n are distinct. It follows that
|| = 2, since r* cannot possibly be the identity. It is obvious that z commutes with
all powers of r. To see that z commutes with s, note that (sz)? = 1 by exercise 3.
However, (sz)(zs) = s(zz)s = ss = 1 = (sz)(sz), so by the cancellation law, zs = sz.
From there, it follows that z commutes with all elements s7/ that are not powers of
r, since zsrl = szrl = stiz.

It is easy to see that no other distinct power of r commutes with s (except, of
course, the identity). It follows from the fact that t's = sr~/ = sr"7J, which we
can prove by induction. The relation rs = sr~! holds. Suppose that ris = sr~!
for all i < j. Then ris = ri~lrs = ri=lsr~! = sy /*1y~1 = s/, and by induction
on j, we have the claim. Since j # n — j unless j = k, no other distinct power of
r commutes with s. Furthermore, sr/ for any integer j does not commute with 7,
since rsrl = sr~17/ = sri=1 3 srir. Therefore, z is the only non-identity element of
D»,, that commutes with all others.
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5. From exercise 4, we know that elements sr/ never commute with all elements
of D,,. Further, for a distinct non-identity power vl (we can restrict attention to
0 < j < n) of r to commute with s, we require 2j = n. Since n is odd, this
is impossible and no non-identity power of r commutes with s. It is clear, then,
that the only element commuting with all others is the identity, which does so by
definition.

6. Letx,y € Gsuch that |x| = |y| = 2. Let t = xy. Then note that (yx)t = yxxy =
1 so that t~! = yx. Thus, tx = (xy)x = x(yx) = xt .

7. We have already shown that a,b generate D,,. The relation a? = 1 is identical
to s> = 1 and (ab)" = 1 is the relation " = 1. From the relations b> = 1 and a> = 1,
we have (ab)~! = ba, so that a(ab)~! = ab®(ab)~! = ab®a = aba. This is exactly the
relation sr—1 = rs. So the relations for s, follow from those of a,b. To show the
converse, note that if rs = sr~!, then (sr)? = srsr = ssr—!r = 1, which is exactly
the equation b? = 1.

8. The cyclic subgroup generated by r has order #, since there are only n distinct
powers of r.

9. Consider two adjacent vertices 1, and 2. There are four positions that 1 can
be sent to via rotation. For each of those positions, 2 can be sent to any of three
positions. There are thus 12 positions that the adjacent vertices can be sent to and
|G| = 12.

10. Consider two adjacent vertices 1 and 2. There are 8 positions that 1 can be
sent to, and for each of these, there are 3 possible positions that vertex 2 can be
sent to, so |G| =3-8 = 24.

11. Consider two adjacent vertices 1 and 2. There are 6 positions that 1 can be
sent to, and for each of these, there are 4 possible positions that 2 can be sent to,
so |G| =6-4=24.

12. Labeling two adjacent vertices 1 and 2, note that there are 20 positions that
we can send 1 to, and for each of these, there are 3 positions that we can send 2 to.
Therefore, |G| = 20 -3 = 60.

13. Labeling two adjacent vertices 1 and 2, there are 12 positions that 1 can be
sent to, and for each of these, there are 5 possible positions for 2. Therefore,
|G| =12-5 = 60.
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14. Asnoted earlier in this chapter, {1} is a set of generators for Z under addition.

15. {1} is a generating set for Z/nZ under addition. The generator 1 satisfies the
relation 1" = 0.

16. If we identify x; = r and y; = s, then x% = 1 is the relation 7> = 1 and
y3 = 1 is the relation s> = 1 of Dy. The relation (x1y1)> = 1 allows us to write
x1y1x1y1 = 1 = x1y1y1x1, from which it follows that x1y; = y1x1. Since x; = x L
we have x1y1 = y1x; 1 which is the relation rs = sr~! of Dy. It is easy to see that

the relations of x1,y; also follow from those of r,s. Hence this group is Dy.

17. (@) Let n = 3k. From the relation xy = yx?, we have x = yx?y = yxyx> =
y?x* = x* Thus, |x| < 3 and since |y| = 2, |G| < 6. If n = 3k, there are no further
relations satisfied by the powers of x. So, |x| = 3 and |G| = 6. If we write x =7,
and y = s, we recover the relations r? = s2 = 1 of Dg. In addition, the relation
x3 = x-x? = 1 reveals that x> = x~! so that the relation xy = yx? is the relation
rs = sr~! of D.

17. (b) If (3,n) =1, then there exist q,7 € Z with 0 < r < 3 such that n = 3g +r.
As before, we have x> = 1, but now, we also have x" = x37x" = x" = 1. It follows
that x> = x> = x" = 1 and therefore, x = 1. There are then only two distinct
elements 1,y in Xy, so |Xp,| = 2.

2 1

18. (a) If v® = 1, then applying the inverse v ! gives the relation v* = v~ ..

18. (b) The product v*u®v may be written v?u?v = v?*u? - uv = uv-uv = uv-

v*u? = uvdu? = u3. Making use of part (a), we have v~ 'u3v = u or u%v = vu®,

18. (¢) Since u* = 1, it is easy to see that u’ = u. Applying v, we have vu’® = vu,
but since v commutes with 3, vu = vu® = v-u® - - =P -v-ud-u® =
u®-v-ud =u’v = uv. So, u commutes with v.

18. (d) ou = uv = v*u?
ou = 1.

= ovuvu. The cancellation law then implies that uv =

18. (e) Since u* = v3 = 1, we have u*v® = 1. But, u*0® = u(uv)® = u, sou = 1. If
u=1,thenuv =v=1. Thus, Y = {1}.
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1.3 Symmetric Groups

1. The cycle decompositions are o = (13 5)(2 4), T = (15)(23), ¢ = (15 3),
ot =(2534), 0= (1243), 20 =0 = (135)(24).

2. The cycle decompositions are ¢ = (1 13 5 10)(3158)(4 14117 129), T =
(114)(291513 4)(310)(5 12 7)(8 11), 0% = (1 5)(3 8 15)(4 11 12)(7 9 14)(10 13),
or = (1113)(24)(59871015)(13 14), o = (14)(29)(3 13 12 15 11 5)(8 10 14),
20 =(121583414111213 75 10).

3. For the permutations of exercise 1, we have |o| = 6, |[t| =2, |0?| = 3, |oT| = 4,
|to| = 4, |T?0| = 6.

For the permutations of exercise 2, we have |¢| = 12, |t| = 30, |0?| = 6, |oT| = 6,
|to| = 6, |T?0| = 13.

4. (a) Let the elements of Sz be labeled as they are on pg. 31. Then we have

1] =1, |o2| = |o3] = |ou| = 2, |o5] = 06| = 3.

4 ) 1] =112 =[13)] =14 =123 =1[24)]=184)|=
(12)(34)] =[(13)24)] =[(14)(23)]=2,[(123)[=[(132)]=[(124)]=
(142)] =[(134)]=[143)]=]2 =[(243)] =3 [(1234)] =

(1243)|=[(1324)] =[(1342)| =|(14
5. This permutation is order 30.

6. See exercise 4.(b).

7. See exercise 4.(b).

8. Consider the function f : Q3 — S, defined by f(n) = (1 n), where we define
(1 1) to be the identity 1. The function f is clearly injective, so |Sq| > |Q}|. Since
|Q)] = Ry, we have the claim.

9. (@) ¢ isalso a 12-cycle when (i,12) = 1.

9. (b) ¢ is also an 8-cycle when (i,8) = 1.

9. (c) ¢ is also a 14-cycle when (i, 14) = 1.
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10. Let 0 = (a1 ay ... ay). By definition, o(ax) = ax,1, where subscripts are
understood to be replaced by their least positive residues mod m from here on.
Suppose 07 (ay) = ag; for all j < i. Then o' (ax) = (0" (ax)) = o (arri—1) = Api-
By induction on i, 0’(a;) = ag,; holds for all i. Note that ay = ay,; for all k iff
k = k+i (mod m). The smallest such i greater than 0 is m, from which we deduce
that |o| = m.

11. Leto = (12 ... m). Suppose that (m, i) = 1. Then for any integer j, m|ij iff m|j.
It follows that the 0™ (1) # ¢’ (n) for any 0 < k, £ < m unless k = £. Otherwise, we
would have m|(k — £), which is absurd since |k — ¢| < m. So, the first m powers of
o' are distinct and can be used to express the m-cycle (1 ¢?(1) ¢%(1) ... c=1i(1)),
which is exactly ¢'.

Now suppose that ¢’ is an m-cycle. Then |¢/| = |oc| = m, so for any integer j,
m|ij iff m|j. It follows that (m,i) = 1, since otherwise, there would exist j not
divisible by m such that m|ij.

12. (@) T =0, wherec=(13579246810).

12. (b) There is no such . First, observe that such a ¢ must be a 5-cycle, since
no power of an n-cycle p can fix any element that p does not fix unless it is the
identity. For if o*(m) = m + k (mod n) = m but p*(£) = £+ k (mod n) # ¢, the
first equation would imply that n|k, but the second would imply 7 t k. From the
fact that 7 is not a 5-cycle, we have the restriction (5,k) > 1, and since ¢ must be a
5-cycle, we need only consider k < 5. There is clearly no k < 5 satisfying (5,k) > 1.
So no such ¢ exists.

13. Consider an element ¢ of S, whose cycle decomposition is a product of com-
muting 2-cycles. Then ¢? can be written as the product of the squares of 2-cycles.
However, since 2-cycles are of order 2, their squares are identity permutations. It
follows that ¢ is the identity and || = 2.

Now suppose that || = 2. Then for any element j not fixed by o, ¢2(j) = j.
For any two elements j, k not fixed by o, we find that j = o (k) iff k = o(j). Other-
wise, we would have ¢2(j) # j or ¢?(k) # k, which would mean that || # 2. Thus,
the set of 2-cycles {(j ¢(j)) | ¢(j) # j} has elements that are pairwise disjoint.
Clearly, the product of all elements in this set acts identically to ¢, so ¢ is a product
of disjoint 2-cycles.

14. Let p be a prime, and ¢ € S, be such that ¢ is a product of commuting p-
cycles. Then o7 is a product of p!" powers of p-cycles. But the p!" power of a
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p-cycle is the identity and no lower power of a p-cycle yields the identity. Hence,
0P is the identity and |o| = p.

Now suppose that |c| = p. Then for all j not fixed by o, ¢?(j) = j. Further-
more, there is no k < p such that ¢*(j) = j. Assuming otherwise, and letting k
be the smallest positive integer such that o*(j) = j, we would arrive at the conclu-
sion that k|p. But p is prime so this is impossible. Therefore, for any j such that
o(j) # j, we can construct the p-cycle (j o(j) ¢2(j) ... cP~1(j)), which describes
how ¢ acts on j. Note that if two elements j, k exist such that c*(j) = of(k), then
j, k belong to the same cycle. Assuming without loss of generality that « > B, this
is because ¢*(j) = ¢ (k) implies that 0*~F(j) = k. Writing j’s p-cycle so that it
starts at 0 P(j) = k, we see that their p-cycles are identical. Therefore, the ele-
ments of {(j (j) 02(j) ... c?71(j) | ¢(j) # j} are pairwise disjoint. The product of
all elements in this set acts identically to ¢, so ¢ is the product of disjoint p-cycles.

If p is not prime, this is not necessarily true. 7 = (1 2)(3 4 5) is of order 6,
yet it is not a product of disjoint 6-cycles.

15. Leto € S, and let 0y, ..., 03, be the component cycles of its cycle decomposition
so that ¢ = 0702...0,,. We know from exercise 10 that if ¢; is an ¢;-cycle, then
|o;| = ¢;. Tt follows that each of the ¢; must divide |o|. By definition, |o| must be
the smallest positive integer such that this is true. Since the lcm of ¢, ...4,, is by
definition the smallest positive integer such that it is divisible by all the ¢;, it is
equal to |o].

16. There are n(n —1)...(n — m + 1) ways to select an ordering of m elements to
write as an m-cycle. However, any given m-cycle may be written using m different
orderings (related by cyclic permutation) of the m elements it permutes. Thus, the
total number of m-cyclesin S, isn(n —1)...(n —m+1)/m

17. There are n(n —1)(n —2)(n — 3) ways to select an ordering of 4 elements to
write as two 2-cycles. However, each of the 2-cycles may be written 2 different
ways, and the cycles are disjoint so they may be written in either order. Each
product of 2-cycles may thus be written 8 different ways. The number of elements
of S, that are products of two disjoint 2-cycles is therefore n(n—1)(n—2)(n—3)/8.

18. Ss contains cycles of length 1,2, ..., 5 along with their products. The only new
n added by these products is 6, which comes from the product of a 2-cycle and
3-cycle.
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19. Similarly to the previous exercise, 1,2, ..., 7 are possible since S7 contains cycles
of all those lengths. In addition, [(12)(34567)| =10and [(123)(4567)| =12,
so n can take on the values 1,2,3,4,5,6,7,10,12.

20. Letr = (12),ands = (13). Then T = {r,s} is a set of generators of S3. To
see this, observe that rs = (1 3 2), sr = (12 3), 7> = 1, and rsr = (2 3). They
satisfy the relations > = s> = 1, and rs = (sr)?. These relations allow us to easily
reduce any element of S3 to a product of at most three r’s and s’s, allowing us to
determine exactly when two elements of S3 are equal.
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1.4 Matrix Groups

1. There cannot be more than two zero entries in an element of GL,(IF;), for
such matrices are not invertible. Therefore, there are only two "free" entries for
an element of GL,(IF,). Furthermore, there must be at least one zero entry in
an element of GL,(IF;), because otherwise the matrix is not invertible. All four
possible matrices with exactly one zero entry, and only two matrices with two zero
entries are invertible. So, |GL,(IF,)| = 6.

2. The elements are

S (1 0y 01y (01
=0 1) " \1 0/ \1 1
Lty 11y (11
71 1) o 1) "1 o

The orders of these elements are |a1| = 1, |az| = |as| = |as| = 2, |az| = |ag| = 3.
3. We have asa; = a4 but azas = a. So GL,(IF;) is non-abelian.

4. Consider the set Z/nZ for n not a prime. Then there exist positive integers
a,b such that n = ab and a,b > 1. Suppose there exists a multiplicative inverse ¢
of a. Then it must be true that ac = qn + 1 for some q € Z. However, n = ab so
ac = qn+1 = gab + 1 from which it follows that a(c — gb) = 1. This is impossible
because a > 1! So @ has no inverse in Z/nZ and (Z/nZ — {0}, -) is not a group.
We must conclude that Z/nZ is not a field for n not prime.

5. Suppose that F is a field of finite order m. Then an n X n matrix taking its
entries from F has m possible choices for each of its n? entries. So, there are exactly
m™ different n x n matrices taking elements from F, and at least one of these is not
invertible (the matrix of all zeros, for example). It follows that |GL,(F)| < m" and
GL,(F) is therefore a finite group.

Now let GL,(F) be a finite group, and assume that F has infinitely many elements.
Then there can only be finitely many invertible n x n matrices taking elements from
F. Because F is a field, every element x € F has a multiplicative inverse x ! € F.
But from every element x € F, we can construct the matrix xI,,, where I, is the
identity matrix. This matrix clearly has an inverse x~ 11, and so is an element of
GL,(F). Since there are infinitely many such matrices, GL,(F) must be an infinite
group. This is a contradiction, so F must have a finite number of elements.
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6. Let |F| = g. Then each entry of an n x n matrix can take any of g possible
values. There are n? entries in an n X n matrix, so there are ¢ different n x
n matrices taking entries from F. However the zero matrix with all entries the
additive identity of F is not invertible. There are thus strictly less than q”2 invertible
n X 1 matrices taking entries from F and therefore, |GL, (F)| < g™

7. As described in exercise 6, there are p* different 2 x 2 matrices taking entries
from F,. Remembering that a 2 x 2 matrix is not invertible iff one of its rows is a
multiple of the other, we simply have to count the number of such matrices. First,
consider matrices of the form
a b
(ca cb)

Counting only those matrices such that a2 and b are not both zero, we find that there
are p(p? — 1) such matrices, since we are excluding one of the p? sets of values that
a and b can take, and ¢ can also take on p different values. Now, counting matrices

of the form
00
a b

it is easy to see that there are p? such matrices. Thus, there are p(p*> — 1) + p* =
p°> + p* — p non-invertible 2 x 2 matrices. It follows that |GL,(F,)| = p* — p® —

P> +p.

8. Let A be the n x n antidiagonal matrix with all non-zero entries equal to 1, and
let B be the matrix constructed by changing the (n —1,1) entry of A to 1. It’s easy
to see that for any matrix M, AM simply reverses the order of the rows of M, while
MA reverses the order of the columns of M. Then the (AB);1 = 1 but (BA)y1 =0,
so AB # BA. A is an element of GL,(F), since A? = I, and B is also an element
of GL,(F), since the matrix C constructed by changing the (2,n) entry of A to —1
satisfies BC = CB = I. We can construct such matrices for all fields F because F
by definition must have an additive identity 0 and a multiplicative identity 1. F
must also contain the additive inverse —1 because it is an abelian group under +.
Therefore, for any n > 2 and any F, GL,(F) is non-abelian.

9. Define matrices A, B, C as follows

A— a1 ap B— by by Cc= c1 €
as au b3 b4 C3 C4



1.4. Matrix Groups 19

Then the following holds
ap az\ (bicyr +bacs bicy + b2€4>
A(BC) =
( ) <613 LZ4) (b361 + b4C3 b3C2 + b4C4

_ <ﬂ1(blc1 + bacs) + az(bacy + bacz)  ay(bica + bacy) + az(baca + b4C4)>
a3(b161 + b2C3) + lZ4(b3C1 + b4C3) lZ3(b1C2 + b2C4) + 114(17362 + b4C4)

_ <(a1b1 + axbz)cq + (a1by + axby)cs  (a1by + axbs)ca + (a1by + a2b4)c4)
(1)!3b1 + ll4b3)C1 + (llgbz + Ll4b4)C3 (a3b1 + El4b3)C2 + (a3b2 + ll4b4)C4

_ (mbi+abs mby+asby (c1 o2
azby 4+ agbs  azby + asby C3 (4

— (AB)C

So matrix multiplication of 2 x 2 matrices with entries in R is associative.

10. (@) The product is

a1 by a by _ [(ma a1by + bicy
0 C1 0 Co - 0 C1C2
Since a1,a; # 0 and cj,c2 # 0 for any elements of G, aja, # 0 and cijcp # 0.

Therefore, the product of any two elements of G is also an element of G.

10. (b) The matrix inverse must satisfy

a b\ (d e\ (ad+bf ae+bg\ (1 0

0 c)\f g/ cf cg /) \0 1
Immediately, we find that f =0, g = c 1, and d = a~1. Since ae = —bg = —bc 1,
we have e = —b(ac)~! and the inverse is

a b\ _(a! —b(ac)!
0 ¢ —\ 0 c1
The inverse is clearly an element of G, since if a,c # 0, then a~l,cl £0.

10. (c) The identity is clearly an element of G, and from exercise 9, the binary
operation of G is associative. Every element of G is obviously also an element
of GL,(R), since G contains only invertible 2 x 2 real matrices. These properties
along with those shown in exercises 10.(a) and 10.(b) allow us to conclude that G
is a subgroup of GL(R).
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10. (d) Let us call this set H. Clearly, the identity I is in H. Furthermore, H is
closed under matrix multiplication since

a b c d\ _(ac ad+bc
0 a)\0 ¢/ \oO ac

Every element of H is also an element of G, so from exercise 10.(b), the inverse

takes the form .
a b\ _ [(a! —ba?
0 a - \o a1

So H is closed under inverses. Again, matrix multiplication for 2 x 2 real matrices
is associative from exercise 9, and all elements of H are clearly elements of GL,(IR).
11. (@) The product is

Thus, H is also a subgroup of GL(R).
1 a b 1 d 1 d+a e+af+b
XY=101 01 =10 1 f+ec
00 00 0 O 1
So H is closed under matrix multiplication. Let X and Y now be the matrices
1 23 1 43
X=(014],Y= 1 2
01 01
6 10 1 2
XY = 1 6]#]10 6 | =YX
0 1 0 1
So H must be non-abelian.
11. (b) The inverse must satisfy

1 a b\ [(d e f d+ag+bj e+ah+bk f+ai+bl 100
01 c g h i|= g+cj h+ck i+cl =101 0
001/ \j kI i k I 01

—_ Q
— Y 0

(@)

(@)
(@)

Then we have

o O -
S = O
N

(e}

We see immediately that j = k = 0 and / = 1, allowing us to simplify the form of

the product to
d+ag e+ah f+ai+b 100
( S )(0 1 0)
0 0 1 0 01
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giving the results ¢ = 0, h = 1, and i = —c. It follows that d = 1, ¢ = —a, and
f = ac — b. The inverse is therefore
1

1 a b\ 1 —a ac—b
01 ¢ =10 1 —c
0 01 0 O 1
The inverse is clearly an element of H(F), so H(F) is closed under inverses.

11. (¢) Let A, B,C € H(F) be written as follows

1 a; az 1 b1 bz 1 c1 (2
A=1(0 1 as |, B=10 1 b3 , C=1|0 1 C3
0 0 1 0 0 1 0 0 1

Then the following is true

1 ;1 a 1 bi+c1 by+cr+ bics
A(BC): 0 1 as 0 1 by +c3

0 0 1 0 0 1

1 ay+bi+c1 ax+by+cz2+bics +ar(bsz +c3)
=10 1 az + by +c3

0 0 1

1 ;mp+bi+c1 ax+by+co+abs+ (a1 + by)cs
=10 1 as + bz +c3

0 0 1

1 ar+b1 ax+by+aibs 1 g
=10 1 az + by 0 1 c3

0 0 1 0 0 1
= (AB)C

So the group operation of H(F) is associative. Note that there are only three "free"
entries for an element of H(F), each of which can take any one of |F| values. This
implies that |H(F)| = |FJ.

11. (d) Label the elements of H(Z/2Z) as follows

1 00 110 01 1 00
I = (O 1 O) = (O 1 O) (0 1 0], Az= (O 1 1)
0 01 0 01 01 0 01
1 01 110 111 111
(O 1 1) = (O 1 1) =101 O) , Ny = (O 1 1)
0 01 0 01 0 01 0 01
A

Their orders are |I| =1, |A1]| = |Az]| = |As]| = |Ag]| = |Ae| =2, |As| = |A7] = 4.
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11. (e) Let A be any non-identity element of H(R) and suppose |A| = n, for
n € Z*. Then A" = I, which implies that A" 1 = A-1 As we saw in exercise
11.(b),
-1
1 Aip A 1 —Ap ApAsz— A
0 1 A2’3 =10 1 _A2,3
0 0 1 0 O 1
Now we prove that A™ takes the form
1 mALz mA1,3 + MALzAZ:;
A" = 0 1 mA2,3
0 0 1

The equation holds for m = 2, since a simple application of the result of exercise
11.(a) yields

A2=1[0 1 2423

1 2A10 2A13+ A1pA23
0 0 1

Now, suppose it holds for all k < m, and consider A™. We have
A" = A"TTA

(m—1)A1y (m—1)Aps+"Um2Da04,5\ (1 Ap Arg
1 (m — 1)A2,3 0 1 A2,3
0 1 0 0 1

I
oo -

(m—=1)A1p+A1p (m—1)A13+ wAuAm + A3+ (m—1)A1pA3
1 (m — 1)A2,3 + Aoz
0 1

mAyp mAiz+ MALZAZ,B
1 mA2,3
0 1

S O = S O -

and by induction on m, the equation holds for all m € Z*. Observing that A"~!
cannot possibly be equal to A1 unless A1p = A13 = Az = 0, we find that we
have arrived at a contradiction. It must be that every non-identity element of H(IR)
has infinite order.
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1.5 The Quaternion Group

23

1. Theordersare [1|=1,|—1| =2, |i| = |j| = k| = | —i| = | —j| = | — k| = 4.

2. For S3, using the labels given on page 31 of the text, we have

01
02
03
04
05
U6
For Dg, we have
1 r
roor?
243
o1
s sr
sr sr?
sr? srd
sr3 s
Finally, for Qs, we have
1 -1
-1 1
i —i
-1 i
joo—
—J
kK —k
-k Kk

3. It is easy to see that i,j generate Qg. They satisfy the relations i* =

and ij = —ji.

%]
(%1
6
05
04
%

03
05
0
U6
%)
04

<
(e8]

oY B~

92}
=
w

Oy
6
05
01
03
2

05
03
04
%]
U6
n

06
Oy
2
03
(%1
05

W

N

]'2, i4 — 1’
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1.6 Homomorphisms and Isomorphisms

1. (@ This equation holds for n = 2 by definition of a group homomorphism.
Suppose now that it holds for all k < n. Then for ¢(x") we have ¢(x") =
p(x" 1x) = p(x" Ve(x) = ¢(x)" 1p(x) = @(x)". By induction on n, we find

that the claim is true.

1. (b) First, we handle ¢(x°) = ¢(1). Let e € H be the identity of H. Then
we have ep(1) = ¢(1) = ¢(1-1) = ¢(1)¢(1). Multiplying by ¢(1)~!, we obtain
e = ¢(1) or p(x)° = ¢(x°). Now, we consider ¢ applied to powers of x~!. Since
@ is a homomorphism, we have ¢(1) = ¢(x~'x) = ¢(x~1)@(x). This implies that

e(x71) = ¢(x)"l. Applying the proof of part (a) to x!, we find that ¢(x") =
p(x)" foralln € Z.

2. From the results of exercise 1, we have ¢(x") = ¢(x)" for all n € Z. So,
assuming |x| is finite, ¢(1) = @(xI*) = @(x)", meaning |¢(x)| < |x|. Similarly,
assuming |¢(x)| is finite, we have @(xI?™¥) = @(x)l?™| = ¢(1). Since ¢ is an
isomorphism, this implies that x/?()| = 1, so |@(x)| > |x|. It follows that |x| is
finite iff |@(x)| is finite, and that |¢(x)| = |x|. Because ¢ is a bijection, the two

groups have the same number of elements of order n for each n € Z*. This is
not necessarily true if ¢ is merely a homomorphism, since a homomorphism is not
necessarily injective.

3. Suppose G is abelian. Since ¢ is a bijection, for every element h € H, there ex-
ists ¢ € G such that I = ¢(g). Then consider any two elements hy,h; € H and let
21,92 € G be such that i = ¢(g1) and hy = ¢(g2). We have hihy = ¢(g1)9($2) =
?(9192) = ¢($281) = ¢(82)9(g1) = hahy. So H is abelian. If ¢ is assumed to only
be a homomorphism, then we require that ¢ also be a surjection for this proof to
work.

Now suppose that H is abelian. Then for any g1,¢2 € G, we have ¢(g142) =

P(g1)9(22) = ¢($2)9(g1) = ¢(g291)- Since ¢ is an isomorphism, this implies that
9182 = $281, so G is abelian.

4. R — {0} cannot be isomorphic to C — {0} because the former has no elements
of order 3, while the latter has two elements of order 3.

5. Suppose there exists an isomorphism ¢ : Q — R. Then there must be g1,4> €
Q such that ¢(q1) = V2 and ¢(q2) = 2. Let ny,n2,ki, ko be integers such that
(nj,kj) =1and q; = S—Z Then kip(1) = ¢(k1) = @(q111) = n19(q1) = n1/2 and
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k(1) = @(ka) = @(ganz) = n29(g2) = 2no. Tt follows that v/2 = E—Z;, which is
absurd! Thus, Q cannot be isomorphic to R.

6. Suppose there exists an isomorphism ¢ : Z — Q. Then there must be z € Z
such that ¢(z) = 3¢(1). But ¢(z) = z¢(1), which implies that z = 1. This is

absurd, so Z cannot be isomorphic to Q.

7. Qg has one element of order 2, while Dg has five such elements. Thus, they
cannot be isomorphic.

8. If n # m, then |S,| = n! # m! = |S,;|. Then there cannot exist a bijection
@ :Sm — Su, 50 Sy and S, cannot be isomorphic.

9. S4 has 9 elements of order 2, whereas D,4 has 13 such elements. Therefore,
they cannot be isomorphic.

10. (@) Leto : A — A be a permutation. We must show that ¢(c¢) is a bijection
from Q) to itself. It is obvious from the fact that 6 : A - Qand o : A — A
that o 0 0071 is a map from Q) to itself. Let a,b be any two elements of Q). If
a # b, then 071(a) # 671(b) because 6! is a bijection. For the same reason,
(071 (a)) # o(0~1(b)) and 8(c(0~1(a))) # 0(c (6~ (b))). Therefore, o of!is
a bijection from Q) to itself (i.e., it is a permutation of (2).

10. (b) Define ¢~ ':Sq — Sy by ¢ (1) =60 loTof forall T € Sq. Then for any
o € Sa, we have ¢ 1 (¢(0)) =07 top(0)o0 =0"10foco0b 100 = 0. Similarly,
for any T € S, we have (¢ 1(7)) = 0o (1) 081 =000 loTohof !l =1
¢~ ! is clearly the inverse of ¢, so ¢ must be a bijection from Sy — Sq.

10. (¢) Simply observe that p(coT) =focoTof ! =focoflofoTod ! =
¢(0) o ¢(7). Thus, ¢ is a homomorphism.

11. Define ¢ : A x B — B x A by ¢((a,b)) = (b,a) for all (a,b) € A x B. We
will prove that ¢ is an isomorphism. First, we prove that ¢ is a surjection. For
any element (b,a) € Bx A, we have b € B and a € A, so (a,b) is necessarily an
element of A x B. Since ¢((a,b)) = (b,a), for every element (b,a) of B x A, there
exists an element (a,b) of A x B such that ¢((a,b)) = (b,a). Next, we prove that
¢ is also an injection. Let (a1,b1), (a2,b2) € A X B be such that (a1,b1) # (az,b2).
Then necessarily, a; # ap or by # by, and it follows that (by,a1) # (ba,a2). All
that remains is to prove that ¢ is a homomorphism. Since ¢((a1,b1)(a2,b2)) =
¢((a1az,01b2)) = (b1by, araz) = (by,a1) (b2, a2) = @((a1,b1))@((az,b2)), ¢ must be a
homomorphism. Thus, A x B = B x A.
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12. Define ¢ : G x C — A x H by ¢(((a,b),c)) = (a,(b,c)) for all ((a,b),c) €
G x C. The proof that ¢ is an isomorphism is almost identical to the one presented
in exercise 11. Since ¢ is an isomorphism, it follows that G x C = A x H.

13. Let 1; be the identity of G and 1y be the identity of H. From exercise 1, we
know that ¢(1g) = 1p, so ¢(G) contains the identity element. Since ¢(G) C H,
the group operation of H must be associative on ¢(G) as well. By the definition
of a homomorphism, for any two elements ¢(g1), 9(g2) € ¢(G), their product

¢(g1)9(g2) = ¢(g142) is also an element of ¢(G). Finally, for any ¢(g) € ¢(G), its
inverse ¢(g)~! = ¢(¢~!) is an element of ¢(G). Thus, ¢(G) is a subgroup of H.

Now suppose that ¢ is injective. By definition, for every i € ¢(G), there exists
¢ € G such that ¢(g) = h. Then the map ¢ : G — ¢(G) defined as ¥(g) = ¢(g)
for all ¢ € G is an injection, a surjection, and a homomorphism. It follows that
G = ¢(G).

14. Let 1 be the identity of G and K, = {¢ € G | ¢(g) = 1g}. As shown in
exercise 1, 1 is always an element of K, so the kernel contains the identity ele-
ment. Because the group operation of G is associative and K, is a subset of G, it
must also be associative on K,. Consider the product g1¢> of any two elements
81,82 € Ky. We have ¢(g182) = ¢(81)9(82) = 1ylg = 1g, so K, is closed under
the group operation. Finally, for any g € K,, we have 15 = ¢(1g) = ¢(g7'g) =
(g Ho(g) = ¢(g7 1), s0 g7 € K,. Therefore, Ky, is a subgroup of G.

Now we prove that ¢ is injective iff K, is the identity subgroup of G. If ¢ is
injective, then g1 # ¢» implies that ¢(g1) # ¢(g2). Thus, for any element g € G
such that ¢ # 1¢, we have ¢(g) # 1y. Then K, must be the identity subgroup of
G. If K, is the identity subgroup, then for any ¢ € G such that ¢ # 1¢, ¢(g) # 1n.
Suppose that there exists g1,¢2 € G such that g1 # g but ¢(g1) = ¢(g2). Then
¢(81)9(82) " = 1. But 9(g1)9(82) " = ¢(81)9(s; ') = ¢(g18; '). Since g1 # g2,
919, # 1g, so this implies that there is another element g1g,' # 1¢ in Ky. We
have a contradiction, so there are no such g1,¢> € G and ¢ is injective.

15. Forany (x1,y1), (x2,¥2) € R?, we have 7w((x1,y1) + (x2,12)) = 7((x1 + x2,y1 +
y2)) = x1+x2 = 1t((x1,41)) + ((x2,y2)) so 7 is a homomorphism. The kernel of
7 is clearly {(x,y) € R? | x = 0}.

16. For any (a1,b1), (az,b2) € G, we have 711 ((a1,b1)(az,b2)) = m1((a1a2, bibz)) =
apay = 11((a1,b1))m1((a2,b2)) and ma((a1, br) (a2, b2)) = m2((a1a2,b1b2)) = biby
702 ((a1,b1))m2((az, ba)), so 11, 712 are homomorphisms. The kernel of 711 is {(a, b)
G | a = 1,4}, while the kernel of 715 is {(a,b) € G | b = 15}.

m |l



1.6. Homomorphisms and Isomorphisms 27

17. Define the map ¢ : G — G by ¢(g) = ¢ ! for all ¢ € G. If ¢ is a homomor-
phism, then for any g1,¢2 € G, we have g, '¢7 " = ¢(8182) = ¢(1)9(82) = 878> -
Left-multiplying by ¢1¢> and right-multiplying by g>g1, we have g2g1 = 182 So,
G is abelian.

If G is abelian, then for any g¢1,9» € G, we have g19» = ¢2¢1. Then ¢(g1g2) =
9(3281) = 8182 = 9(31)9(82), 50 ¢ is a homomorphism.

18. Define the map ¢ : G — G by ¢(g) = ¢* for all ¢ € G. If ¢ is a homomor-
phism, then for any g1, 8> € G, we have (8182)* = ¢(£182) = ¢(81)9(82) = 8i85-
Left-multiplying by ¢; ' and right-multiplying by g, ', we find that g1 = g1
So, G is abelian.

If G is abelian, then for any ¢1,92 € G, we have g1g2 = $2¢1. Then ¢(31%2) =
21828182 = 8183 = ¢(81)9(82) 50 ¢ is a homomorphism.

19. Define the map ¢ : G — G by ¢(z) = zF (for fixed k € Z*) for all z € G.
Let z1,2z2 be any two elements of G. Noting that C — {0} is an abelian group
under multiplication, we have ¢(z1z2) = (z122)F = 225 = ¢(z1)9(22), s0o p is a
homomorphism. Let z be any element of G, and let n € Z" be such that z" = 1.
The element z!/¥ is also an element of G, since (z!/¥)" = 2" = 1 and nk € Z*. In
addition, ¢(z'/¥) = z, so ¢ is surjective. Note that ¢ is not injective, since its kernel

contains other elements besides the identity.

20. Define the map id : G — G by id(g) = g for all g € G. Clearly, id is an
automorphism. In addition, for any ¢ € Aut(G), we have c(id(g)) = c(g) and
id(c(g)) = o(g) for all ¢ € G, making id the identity element of Aut(G). Now, we
show that function composition is associative. For any o, 7,0 € Aut(G), we have
7o (to0)(g) = o(to0(g)) = o(t(6(3))) = oo T(6(g) = (o 7) 0 6(g) for all
g € G. Next, consider any two elements 1,0, € Aut(G). Since 07, 0, are bijections,
they have two-sided inverses oy 1,0{ 1. Then the product o1 o 07 also has a two-
sided inverse 0, ' 0 0] !, so the product is a bijection. It is also a homomorphism
because 071 0 02(8182) = 01(02(8182)) = 01(02(81)02(82)) = 01(02(g1))01(02(82)) =
(01 002(g1)) (01 0 02(82)). So Aut(G) is closed under function composition. Fi-
nally, for any o € G, 0! is clearly an automorphism as well. It has a two-sided
inverse ¢, making it a bijection, and for any two elements 0(g1),0(g2) € G, we
have o~ 1(0(g1)0(g2)) = 071 (0(8182)) = 182 = 0 (0(g1))o ' (0(g2)), making
¢! a homomorphism. We may conclude that Aut(G) is a group under function
composition.



1.6. Homomorphisms and Isomorphisms 28

21. Fix k € Q — {0}, and define the map ¢ : Q — Q by ¢(q) = kg for all g4 € Q.
Then for any two elements ¢, € Q, we have ¢(q+71) = k(g +7r) = kq+kr =
@(q) + ¢(r) so ¢ is a homomorphism. Defining ¢! : Q — Q by ¢~ !(g) = { for
all g € Q, it is clear that ¢! is the two-sided inverse of ¢: ¢(¢~1(q)) = ¢({) =g
and ¢ (¢(q)) = ¢ (kq) = q for all 4 € Q. Thus, ¢ is both a bijection and a
homomorphism, making it an automorphism of Q.

22. Let A be an abelian group, and fix k € Z. Define ¢ : A — A by ¢(a) = a*
for all 2 € A. Then for any two elements a,b € A, we have ¢(ab) = (ab)* =
akb* = ¢(a)@(b), so ¢ is a homomorphism. Suppose in addition that k = —1. Then
note that ¢(¢(a)) = @(a™!) = (a=')~! = 4, so ¢ has a two-sided inverse and is a
bijection. Therefore, in this case, ¢ is an isomorphism.

23. Let G, o be as defined in the problem statement. Consider the map ¢ : G —
G defined by ¢(g) = ¢ lo(g) for all g € G. Since G is a finite group, ¢ is a
bijection iff it is an injection. Suppose that there exist g, € G such that g # h but
¢(g) = @(h). Then we have ¢ 'o(g) = h'o(h) or hg~! = o(hg™'). Then we must
have g~ = 1, which implies h = g. This is a contradiction, so ¢ is injective (and
therefore bijective). Then for every ¢ € G, there exists h € G such that ¢ = h~lo(h).
Applying ¢ to any element g, we have o(g) = c(h~'c(h)) = o(h)"'h = ¢~1. Then
for the product of any two elements g,h € G, we have h =g~ = (gh)~! = o(gh) =
o(g)o(h) = g~th~! from which it follows that ¢h = hg. Thus, G is abelian.

24. If x and y generate G, then xy and y also generate G, since we can obtain
x from xy and y via xy -y = x. Then letting |xy| = n, we have the relations
(xy)" =1, y* = 1 and (xy)y = y(xy)~'. So, there is a unique homomorphism
¢ : G — Dy, satisfying ¢(xy) = r and ¢(y) = s. Since r,s generate Dy,, ¢ is
surjective. Furthermore, |D,,| = |G|. To see this, note that the relation (xy)y =
y(xy)~! allows us to write any product of xy and y (and therefore every element
of G) in the form y*(xy)* for some k,¢ € R. Since there are n distinct powers of
(xy) and 2 distinct powers of y, we have |G| = 2n = |Dy,|. Thus ¢ is also injective,
which makes it an isomorphism. So, we may conclude that G = D,,.

25. (a) Letv = (|v|cos(¢), |v|sin(¢)) be any element of R%. We have

<COS(9) —sin(@)) <|v|cos(q§)> _ <\v\cos(q§) cos(0) — |v| sin(¢p) sin(@))
sin(f)  cos(0) |v| sin(¢) |v| cos(¢) sin(0) + |v| sin(¢) cos(0)
(ol cos(
N <|v| sin(¢ + 0)

¢+9))

So the given matrix clearly rotates every element of R? by 6 radians.



1.6. Homomorphisms and Isomorphisms 29

. " cos(mf) —sin(mf)
25. (b) We first prove that ¢(r)" takes the form (sin(m 8)  cos(md) )’ The

equation holds trivially for m = 1, and it is clear that the equation holds also for
m=2:
cos(8) —sin(f)\ (cos(8) —sin(f)\ _ [cos?(f) —sin®(f) —2sin(8)cos(h)
sin(f) cos(6) sin(@) cos(8) ) \ 2sin(f)cos(d) cos?(6) — sin?()
_ [cos(20) —sin(20)
~ \sin(20)  cos(20)

Suppose it holds for k < m. Then for ¢(r)™, we have

o(r)" = o(r)" ' o(r)

_ (cos((m —-1)8) —sin((m— 1)0)> <cos(9) — sin(9)>
sin((m—1)0) cos((m—1)0) sin(f)  cos(6)

_ <cos((m —1)0) cos(8) — sin((m —1)8) sin(6) — cos((m —1)0)sin(0) — sin((m — 1)6) cos(0)
sin((m —1)0) cos(0) + cos((m —1)0) sin(8)  cos((m —1)0) cos(8) — sin((m — 1)6) sin(6)

B (cos((m —1)0+0) —sin((m—1)0+86)

- \sin((m—1)8+6) cos((m—1)0+0)

_ <cos(m9) - sin(m9)>
sin(m@)  cos(mb)

and by induction on m, we have the claim. In the case of ¢(r)", we have:

o(r)" = <cos(n9) —sin(n@)) _ <cos(27‘c) —sin(27'[)> _ ((1) (1)>

sin(nf)  cos(nb) sin(27r)  cos(2m)

or ¢(r)" = I. In addition, for ¢(s), we find

o7=(3 0) (2 0)=(0 1)

)
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or ¢(s)? = 1. Finally, we have the relation

_ [cos(f) —sin(0)) [0 1
p(r)els) = <sm(9) cos(6) ) (1 O)
—sin(f) cos(6)

cos(f) sin(6 ))
sin(nf —0)  cos(nb — 0)
cos(nf —0) —sin(nb —0)

(
(
(sm((n—l ) nn— 1&)} )
(o
¢

COS
—sin

/\A

)
cos((n—1)0) -

(n— —sin((n —1) 9))
(n— cos((n —1)0)

0 cos(
10 sm(
Therefore, ¢ extends to a homomorphism of Dy, into GL(R).

\_/\_/

(s)p(r)”

25. (¢) Suppose there exist two elements s'r/,sr! € D,, such that s'r/ # skr‘
but ¢(s'r) = @(s"r"). Then we would have ¢(s)'p(r)/g(r)‘p(s)™* = I so that
(9()'9(r))) 1 = 9(r) Tg(s) " = g(r)~p(s) . It follows that p(r)' — p(s)*
which implies that 1| — j and 2|i — k. Therefore, r'~/ = 1 and sF =1, from which
we can conclude that ¥/ = r and s’ = s¥ so that s'r/ = sk#. This is a contradiction,

SO ¢ is injective.

26. We have the relations

W) )
1

=
(0 5)
=
(

1))
o 4
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Or ¢(i)> = ¢(j)?> = —T and ¢(i)9(j) = —¢(j)¢(i). Thus, ¢ extends to a homomor-
phism from Qg into GL,(C). If we write the relation ij = —ji in the form ji = i%],
it is easy to see that all elements of Qg may be written in the form i*j’. A similar
argument to the one presented in exercise 25.(c) can be used to show that ¢ is
injective.
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1.7 Group Actions

1. Because F* is an abelian group, for all g1,92,4 € F*, we have g1 - (g2 -a) =
21 (ga) = g1(ga) = (9182)a = (g182) - a. In the case that @ = 0, we have
21-(22-0) =g1-0=0= (g142) - 0. Finally, because 1 is the identity of the group
F*, every a € F* satisfies 1-a = a. When a = 0, we have 1-0 = 0. So, F* indeed
actson F by g-a = ga.

2. Zis a group under addition, meaning that + is associative on Z. Therefore, for
any two elements a,b,c € Z, wehavea- (b-c) =a+ (b+c) = (a+b)+c = (ab) -c.
In addition, for any a € Z, we have 0-a = 0+ a = a. So, the additive group Z acts
onitselfby z-a=z+aforall z,a € Z.

3. For any two elements s,t € R and any element (x,y) € R?, we have s - (t-
(xy) =s-(x+tyy) = (x+ty+syy) = (x+(t+s)yy) = (t+s)-(v,y) =
(ts) - (x,y). In addition, for any (x,y) € R?, we have 0- (x,y) = (x +0y,y) = (x,y).
So, the additive group R acts on R? by 7 - (x,y) = (x +ry,y).

4. (a) The group operation of G is necessarily associative on the kernel of the
action. The identity element 15 is clearly in the kernel, since a group action is
required to satisfy 1 -a = a for all 2 € A. Then note that for any two elements g, 1
of the kernel, their product satisfies (gh)-a = g-(h-a) = g-a =aforalla € A,
so the kernel is closed under the group operation. Finally, for any element g of the
kernel, we find that g™1-a = ¢71-(¢-a) = (¢7'¢)-a=1g-a=aforalla € A. So,
we find that the kernel of the action is a subgroup of G.

4. (b) Now we fix some a € A and consider the group operation on the set
S ={g € G| ga=a}. Asabove, the group operation of G is necessarily associative
on S. Furthermore, the identity element 1¢ of G satisfies 15-b =0bforallb € S, so
it is certainly an element of S. For any two elements g,h € S, we have (gh) -a =
g-(h-a) = g-a =a,soS is closed under the group operation. Finally, for any
element g € S, we have g1 a = ¢! (¢-a) = (¢7'¢)-a=1c-a=a,s0Sis
closed under inverses. So, we conclude that S is a subgroup of G.

5. The kernel of the permutation representation ¢ is theset S = {¢g € G | ¢(g) =
id}. Thatis, if g € S, then for alla € A, ¢(g)(a) = 04(a) = g-a = a,s0 g is
also in the kernel of the action. Similarly, if g is in the kernel of the action, then
a=g-a=0y(a) = ¢(g)(a) foralla € A, meaning ¢(g) =id, so g € S.

6. Let G act faithfully on A. Then for any two elements g, € G such that ¢ # &,
there exists some a € A such that g-a # h-a. Thus, for any ¢ € G such that
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g # 1¢, there exists at least one element 4 € A such that g-a # 1g-a = a. It
follows that the kernel of the action contains only 1¢.

If the kernel of the action is the set consisting of only the identity 15, then for
any ¢ € G such that g # 1, there exists at least one element 2 € A such that
g -a # a. Now, suppose that there exists two elements g, € G with ¢ # h such that
g-a=h-aforallac A. Theng ! -(h-a)=g¢ ' (¢g-a)=(g7g)-a=1g-a=a.
Since g~ - (h-a) = (¢~ 'h) - a, and the kernel of the action contains only the iden-
tity, it follows that ¢~'h = 1 or h = g¢. This is a contradiction, so any two distinct
elements g, € G induce distinct permutations. In other words, G acts faithfully
on A.

7. Here we will prove the statement "F* acts faithfully on V iff V is not the zero
vector space or F has only two elements", where F is any field and V is any vector
space over F.

Let V be a vector space over F and consider the action of F* on V via scalar
multiplication. By the vector space axioms, 1r-v = v forallv € V. If |[F*| =1,
then the action of F* on V is trivially faithful, since there is only one element of F*.

If [F*| > 1 and V is not the zero vector space, then we can show that F* acts
faithfully on V. Suppose there is an element ¢ € F* such that ¢ # 1p, but
g-v =vforall v € V. Then we would have g-v = 1p-v forallv € V, or
g-v—1p-v=(g¢g—1f)-v = 0. Since V is not the zero vector space, this equation
holds for some non-zero v € V, which implies that ¢ = 1r...a contradiction! So the
kernel of the action is just {1r}, implying that F* acts faithfully on V.

If F* acts faithfully on V and |[F*| > 1, then distinct elements of F* induce distinct
permutations on V. That is, for any a,b € F* with a # b, there exists some v € V
such that a-v # b-v. Clearly, v # 0 since, -0 = 0 for all a € F*. Thus, V
cannot be the zero vector space. Proving these statements together is equivalent to
proving that F* acts faithfully on V iff |[F*| = 1 or V is not the zero vector space,
so we have our claim.

8. (@) Consider any two elements 01,0, € S4 and any {ay,...,a,} € B. Then we
have o1 - (0% - {a1, ..., ax}) = o1 - {o2(a1), ..., 2 (ar)} = {o1(02(a1)),...,01(02(ay))} =
{1 002(a1),...,01009(ay)} = (1 0 0n) - {ay, .., ax }. In addition, for any {ay, ..., a;} €
B,id - {ay,...,ar} = {id(a1), ...,id(ax)} = {4y, ...,ar}. Thus, this is a group action.
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8. (b) Label the 2-element sets of {1,2,3,4} as follows: a = {1,2}, b = {1,3},
c={1,4},d ={2,3},e = {2,4}, and f = {3,4}. Then we have:

(12)-a=a (12)-b=d (12)-c=e¢ (12)-d=b (12)-e=c (12)-f=f

(123)-a=d (123)-b=a (123)-c=e (123)-d=b

9. The proof that the action of S4 on B is a group action is identical to the one
in exercise 8. Now, label the 16 ordered 2-tuples as follows: a = (1,2), b = (1,3),
c=(L4),d=(23),e= (24, f=034),8=21),h=031),i=(41),
j=32),k=(42),1=(473),m=(1,1),n=(22),0=(33), p=(44). Then

we have:
(12)-a=g (12)-b=d (12)-c=e (12)-d=b (12)-e=c (12)-f=f

(12)-g=a (12)-h=j (12)-i=k (12)-j=h (12)-k=i (12)-1=1
(12)m=n (12)-n=m (12)-0=0 (12)-p=p
(123)-a=d (123)-b=g cc=e (123)-d=h

(1
(123)-e=f (123)-f=c (123)-g=j (123)-h=
(123)-i=k (123)-j=b (123) k=1

(123)-m=n (123)-n=0 (1

10. (a) Let B be the set of k-element subsets of A = {1,...,n}. Assume that S,
does not act faithfully on B. Then n > 1 and there exists ¢ € S, with ¢ # id such
that c-b = b for all b € B. Because ¢ # id, there must exist at least one a € A such
that o(a) # a. If k < n, then there exists b € B such that c(a) ¢ b but a € b. Then
o(a) ¢id-b, but o(a) € o - b and therefore, 0 - b # b. This is a contradiction, so S,
acts faithfully. If, instead, k = n, then B = {A}. Because every element ¢ € S, is a
bijection o : A — A, we have 0(A) = A for all o € S,,. It follows that in this case,
S, does not act faithfully on B.

10. (b) Let B be the set of ordered k-tuples containing elements of A = {1, ..., n}.
Assume that S, does not act faithfully on B. Then n > 1 and there exists ¢ € S,
with ¢ # id such that ¢ - b = b for all b € B. Since o # id, there exists a € A such
that o(a) # a. Note that for all k, there exists a k-tuple ¢ in B such that every one
of its entries is a. Then ¢ - ¢ # c. This is a contradiction, so S, acts faithfully for all

k.
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11. Wehavel —id, 7 — (1234), 72 — (13)(24), 7 — (1432),5 — (14)(23),
sr — (13),sr> — (12)(34),and s> = (2 4).

12. Let B = {(k,k+%) | 1 <k < 5}. Define the action of t € Dy, on b € B by
t-b = o;-b, where 0; is the permutation corresponding to t, and o - b is defined
as in exercise 8. Then we are required to show that the action of a subset of S,
on B (which is a subset of the set C of ordered 2-tuples of {1,..,n}) is a group
action. From exercise 9, we have that for all 0,0, € S; and any ¢ € C, we have
0 - (0y - ¢) = (opoy) - ¢. If it holds for all 03,0, € S, then it necessarily holds for
all 03,0 in a subset of S, and any c in a subset of C. In addition, since 1 € D»,
corresponds toid € S, and 1-b =id-b = b for all b € B, we have that the action
of Dy, on B is a group action.

An element t € D5, is in the kernel of the action iff t-b = b for all b € B. In
other words, this requires that (c}(k),0;(k+ %)) = (k,k+ %) forall 1 < k < % or
oi(k) = k and o3(k + 5) = k+ 5. Since this is true for all 1 < k < 7, we must
have 0y(¢) = ¢ for all 1 < ¢ < n, from which it follows that t = id is the only such
element.

13. The kernel of the left regular action is the set of g € Gsuchthatg-a =ga =a
for all 2 € G. Assuming there exists ¢ # 1in G such that g-a = a for alla € G,
we have that g -1 = 1, but by the definition of the identity, g-1 = g. We find that
g = 1, which is a contradiction. The kernel of the left regular action thus only
contains the identity 1.

14. Forany gh € Gandanya € G, we have ¢- (h-a) = g- (ah) = ahg = (hg) - a.
G is not abelian, so gh # hg in general and therefore g - (h-a) # (gh) - a in general.
This action therefore cannot be a group action of G on itself.

15. For any ¢,h € Gand anya € G, we have g+ (h-a) = g-ah™! =ah~ g7t =
a(gh)~! = (gh) - a. In addition, by definition, the identity 1 of G satisfies 1-a = a
for all 2 € G. Thus, this is a group action of G on itself.

16. Forany g,h € Gand anya € G, wehave ¢- (h-a) = ¢-hah™! = ghah~1¢7! =
gha(gh)~! = (gh) - a. In addition, by definition of the identity 1 of G, we have
1-a=1al = 1a = a for all a € G. Thus, this is a group action of G on itself.

17. Fix ¢ € G and define ¢4 : G — G by @g(x) = gxg~! for all x € G. Note
that for any x,y € G, we have ¢(x)g(y) = gxg lgye™! = gxyg™! = ¢(xy), so
¢ is a homomorphism. Now consider the map ¢! : G — G given by ¢~ !(x) =
¢ lxg for all x € G. We have ¢ !(¢(x)) = ¢ '(gxg™!) = ¢ '¢xg !¢ = x and
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(o 1(x)) = ¢(g1xg) = gg'xgg~! = x. Since ¢ has a two-sided inverse, it is a
bijection. Therefore, ¢ is an automorphism of G.

If x is of finite order |x| = n, then we have ¢(x)" = ¢(x" ) = ( ) = =1so0
|¢(x)| < n. On the other hand, we have ¢(1) = 1 = ¢(x)l?™| = (x|4’ ) Since
¢ is a bijection, this implies that x/?¥)| = 1, so |@(x)| > n. It must be that x and
@(x) = gxg~! have the same order. The fact that |A| = |[gAg~!| follows from the
fact that ¢ is a bijection.

18. Because H is a group that acts on A, it contains an identity element 1 satisfy-
ing1-a = aforall a € A. Therefore ~ is reflexive. If a ~ b, then there exists h € H
such that a = h-b. Applying h™!, wehave h™'-a = h'-(h-b) = (h"'h)-b =
1-b=0,s0b ~ a. Finally, if a ~ b and b ~ ¢, then there exist hy,h; € H such that
a=hy-band b =hy-c. We may writea =hy -b="hy - (hy-¢c) = (hhhy) -c,s0a ~ ¢
because hih; € H. Therefore, ~ is an equivalence relation.

19. Let ¢ : H — O be the map defined by ¢(h) = hx for all h € H. Con-
sider the map ¢! : O — H defined by ¢~ !(s) = sx~! for all s € O. It is easy
to see by looking at the definition of O that the image of ¢! is indeed a sub-
set of H. Then we have ¢(¢~1(s)) = @(sx7!) = sx 'x = sforall s € O and
¢ Yp(h)) = ¢ (hx) = hxx~! = h for all h € H. Since ¢ has a two-sided inverse,
it is a bijection. We conclude that because G is finite (and hence, so are H and O),
x was arbitrary, and ¢ is a bijection, it must be that every orbit has cardinality |H|.

If G is a finite group and H is a subgroup of G, the orbits under the action of
H on G partition G. It follows that |G| = }_;c; |O;| where I is the index set used to
index the orbits in the partition. Since |O;| = |H| for every orbit O;, |G| = |I||H].
In other words, |H| divides |G]|.

20. Let G be the group of rigid motions of the tetrahedron. If we label the vertices
of the tetrahedron 1,2, 3,4, each rigid motion ¢ € G gives rise to a permutation oy
of {1,2,3,4} by the way the motion ¢ permutes the corresponding vertices. Then
the map from G x {1,2,3,4} — {1,2,3,4} defined by g -i = 0,(i) defines a group
action of G on {1,2,3,4}. Thus, there is a homomorphism ¢ from G to Ss. It is
quite obvious that the only permutation of the vertices that fixes all of them is the
identity of G, so ¢ is injective. Since ¢(G) is a subgroup of S (cf. Exercise 14 of
Section 6), and ¢ is injective, we have that G is isomorphic to a subgroup of Ss.

21. Let G be the group of rigid motions of the cube. It is easy to see that every
element of G maps a pair of opposite vertices to another such pair. Label the
pairs of opposite vertices p1, p2, p3, ps. Each ¢ € G gives rise to a permutation oy of



{p1, P2, p3, pa} by the way g permutes the corresponding pairs of vertices. As in the
previous exercise, there is therefore a natural homomorphism ¢ : G — S4. Now,
suppose there is an element ¢ € G such that g is not the identity motion but g is in
the kernel of the action. Such an element must send at least one pair of opposite
vertices to each other. Let a,b be any pair of opposite vertices, and let ¢, d, e be
the neighbors of 4, with b,e on the same face. Then sending a to b also sends c to
d’s partner and vice versa. The corresponding permutation of {p1, p2, p3, pa} is not
the identity, and it is clear that no such g can exist. Thus, ¢ is injective and since
|G| = |Sa| = 24 (cf. Exercise 10 of Section 2), ¢ is a bijection. We conclude that
G =5,

22. Let G be the group of rigid motions of the octahedron. Through a similar
argument (just replace "vertices" with "faces") to the one in Exercise 21, we find
that there is a natural homomorphism ¢ : G — S4 and that ¢ is an injection. Since
|G| = |Sa| = 24 (cf. Exercise 11 of Section 2), ¢ is a bijection and G = S,.

23. The rotation of 7t radians about the axis through the center of a pair of oppo-
site faces maps every pair of opposite faces to themselves. Then the kernel is not
trivial and therefore, the action of the group on this set is not faithful. The kernel
of the action consists of just the three rotations of this type and the identity. All
other elements of G send at least one face of the cube to one of its neighbors, and
s0, cannot be in the kernel.
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